We prove existence results for nodal solutions of the Yamabe equation that are constant along the level sets of an isoparametric function.
Introduction
Let (M, g) be a closed Riemanian manifold of dimension n ≥ 3. We say that u : M −→ R is a solution of the Yamabe equation if satisfies for some constant c the equation (1) a n ∆ g u + s g u = c|u| pn−2 u, where a n := 4(n−1) n−2 , p n := 2n n−2 and s g is the scalar curvature of (M, g). The aim of this article is to study the existence of certain nodal solutions (i.e., sign changing solutions) of the Yamabe equation that arise by considering isoparametric functions. More precisely, we are interested in the following question. Let f be an isoparametric function on a closed Riemannian manifold (M, g) of dimension at least 3. Does there exist a nodal solution of the Yamabe equation that is constant along the level sets of f ? The purpose of this paper is studying this problem when the manifold is either a Riemannian product or each level set of the isoparametric function has positive dimension.
Let (M, g) be a closed connected Riemannian manifold. A smooth non-constant function f : M −→ R is called an isoparametric function is there exist a smooth function b and continuous function a such that (2) 
Let f (M ) = [t min , t max ]. We denote by M t the level set of the function f corresponding to the value t, that is M t = f −1 (t). The sets where f attains the global maximum M tmax and the global minimum M t min will be denoted by M + and M − , respectively. The union of these sets are called the focal set of f . When t is a regular value of f we say that the level set M t is an isoparametric hypersurface. Moreover, we will call an isoparametric hypersurface of M to any embedded hypersurface that is a regular level set of an isoparametric function. The condition (2) implies that the regular level sets of f are parallel hypersurfaces. On the other hand, by condition (3) the level sets of f has constant mean curvature. Wang proved in [51] that the only critical values of an isoparametric function on a closed Riemannian manifolds are its global maximum and minimum. In fact this is true for a transnormal function, i.e., a non-constant function that satisfies the property (2) . Also it was proved in (Theorem A, [51] ) that the focal sets are actually submanifolds of M (they might be non-connected submanifolds and with different dimensions in each connected component) and each regular level set M t is a tube over either of the focal submanifolds. Ge and Tang proved in [19] that if the co-dimension of each components of the focal submanifolds of f is at least 2 (which is equivalent to the focal set of any regular level set of f is exactly the focal submanifold M − ∪ M + ), then all the level sets are connected and there exists at least one isoparametric hypersurface induced by f that is a minimal hypersurface. Moreover, if the Ricci curvature is positive this minimal isoparametric hypersurface is unique, see (Corollary 2.1, [20] ). The isoparametric functions with focal submanifolds of co-dimension greater than 1 are called proper isoparametric functions. It was proved in [20] that the focal submanifolds M − and M + of an proper isoparametric function are minimal submanifolds. Actually this result was proved by Miyaoka in [37] for transnormal functions.
The isoparametric functions and hypersurfaces have attained a lot of interest in the past. When the ambient manifold is a space form the isoparametric hypersurfaces have constant principal curvatures as Cartan proved it in [7] . The classification of isoparametric hypersurfaces in the Euclidean and in the hyperbolic space was done in the first part of the twentieth-century by Levi-Civita [32] and Segre [48] and by Cartan [7] , respectively. The affine hyperplanes, the embedded spheres S n−1 and S n−k × R k−1 are all the isoparametric hypersurfaces that there exist in the Euclidean setting. In the hyperbolic space an isoparametric hypersurface could be an hyperplane, S n−k × H k−1 , a geodesic sphere or a horoesphere. But the theory is much more complex in the case of the sphere endowed with the standard round metric (S n , g n 0 ). Notice that for the Euclidean and the hyperbolic space all the isoparametric hypersurfaces are homogeneous. On the other hand in the round sphere, besides the homogeneous families there exist nonhomogeoneous isoparametric hypersurfaces. The first examples of these kind of hypersurfaces were introduced by Ozeki and Takeuchi in [42] and [43] (see also [18] for a generalization of this family of submanifolds). The classification of isoparametrics functions and hypersurfaces in the sphere is a long standing problem and lot of progress have been done in that direction, see for instance the articles by Cartan [7] , Munzner [40] and [41] , Abresch [1] , Hsiang and Lawson [28] , Ferus et al. [18] , Stolz [49] , Cecil et al. [8] , Immervoll [29] , Chi [10] and [11] , Miyaoka [38] , and [39] . However, for general Riemannian manifolds the classification is far for being achieved.
In the space forms there are many isoparametric functions and hypersurfaces. Nevertheless, this is not the case for a general Riemannian manifold. It can be seen, by the structural theorem of isoparametric hypersufaces stated above (Theorem A, [51] ), that there might be obstructions to the existence of isoparametric functions. Indeed, by a result of Miyaoka (Theorem 1.1, [37] ) we know that a closed Riemannian manifold that admits an isoparametric function must be diffeomorphic to the union of two disc bundles over the focal submanifolds.
In [25] , Petean and the author made use of the classification of isoparametric functions on the sphere and bifurcation theory methods to prove multiplicity results of positive solutions of the Yamabe equation of Riemannian products with the sphere. As we pointed out at the beginning of this section, in this article we address the problem of whether an isoparametric function induces a nodal solutions of the Yamabe equation.
Positive solutions of the Yamabe equation are related with the existence of constant scalar curvature metrics in the conformal class [g] of g, which is the set of Riemannian metrics of the form φg with φ a positive smooth function on M . More precisely, if u is a positive solution of Equation (1), then the Riemannian metric defined by h = u pn−2 g has constant scalar curvature c. By the resolution of the celebrated Yamabe problem (Yamabe [52] , Trüdinger [50] , Aubin [4] , and Schoen [46] ), we know that there exists at least one positive solution of the Yamabe equation, and therefore, therein any conformal class there is a Riemannian metric of constant scalar curvature. Since the end of 1960s lot of mathematicians have been studying the space of positive solutions of the Yamabe equation and lot of progress has been made in the comprehension on the existence and multiplicity of positive solutions. For instance, it was shown by Khuri, Marques and Schoen [31] that the space of positive solutions of the Yamabe equation of a closed Riemannian manifold (unless it is the round sphere) is compact in the C 2 −topology if the dimension of the manifold is at most 24. On the other hand, Marques and Brendle [5] proved that the compactness does not hold for dimension greater than 24. However, till recently quite little was known about nodal solutions of the Yamabe equation. Among the authors that have studied nodal solutions of semi-linear elliptic equations on Riemannian manifolds we can mention Ding [12] , Hebey and Vaugon [23] , Holcman [27] , Jourdain [30] , Djadli and Jourdain [14] , and del Pino et al. [13] . But the first general result on the existence of nodal solution of Yamabe equation was obtained by Ammann and Humbert in [2] . They introduced the so called second Yamabe constant which is a conformal invariant induced by the second eigenvalues of the conformal Laplacian operator (see Section 2.2, Preliminaries). Making use of this invariant they were able to prove existence results when the conformal class of the Riemannian manifold admits a Riemannian metric of non-negative scalar curvature. Further results on the existence of nodal solutions of the Yamabe equation using the variational approach of Ammann and Humbert can be found in Petean [44] , El Sayed [16] , Madani and the author [26] . We refer the reader to the articles by Clapp and Fernandez [9] and Fernandez and Petean [17] for recent results on the multiplicity of nodal solutions of the Yamabe equation.
In order to state our main results let us introduce some notations and definitions.
Let f : M −→ R be a function on M . We will denoted with S f the set of functions on M that are constant along the level sets of f . Definition 1.1. Let M be a closed differentiable manifold. We say that a triplet (M, g, f ) is an isoparametric system if f is an isoparametric function on the Riemannian manifold (M, g) and the scalar curvature s g belongs to S f .
We will show the following theorem. In Section 4 (Proposition 4.6) we will prove the existence of constant scalar curvature metrics in the conformal class [g + h] f . Also in Section 4 we will prove some results on the nodal sets of the eigenfunctions of the conformal Laplacian.
When the dimension of each connected components of the level sets of an isoparametric function are greater than or equal to 1, then we have existence of nodal solutions for the Yamabe equation of the Riemannian manifold. Let d(t) be the minimum of the dimensions of M t 's connected components. Let k(f ) := min t∈[t min ,tmax] {d(t)}. We obtain the following result.
Theorem 1.4. Let (M n , g, f ) be an isoparametric system such that (M, g) is a closed connected Riemannian manifold of dimension n ≥ 3 with non-negative scalar curvature. If k(f ) ≥ 1, then there exists a nodal solution of the Yamabe equation of (M, g) that belongs to S f .
With the same hypothesis of Theorem 1.4 we will prove in Section 6 (Corollary 6.4) the existence of constant scalar curvature Riemannian metrics in the f −conformal class [g] f .
Preliminaries

2.1.
Examples. In this section we are going to introduce a few examples and review some constructions of families of isoparametric functions on closed Riemannian manifolds.
The simplest example of an isoparametric function on a closed Riemannian manifold is the following. Example 2.1. Let S n ⊂ R n+1 be the embedded n−dimensional sphere of radius 1, that is S n := {x ∈ R n+1 : x 2 1 + · · · + x 2 n+1 = 1}. Let us consider S n endowed with the round metric g n 0 of curvature 1. We define the function f i :
Let m, n be integers such that m ≥ 1, n ≥ 0 and m + n ≥ 2. Let consider the function f m,n in S m+n defined by f (x) :=
. Therefore, f m,n is an isoparametric function. Notice that when m + n = 2 the focal submanifolds and the induced isoparametric hypersurfaces of f m,n are non-connected. In particular, when m = 2 and n = 0, S 2 + = S 1 ×{0} and S 2 − = {−e 3 , e 3 } which have different dimensions and the isoparametric hypersurfaces are diffeomorphic to two copies of S 1 .
The precedent examples are particular cases of an important general construction that we briefly describe below. When the manifold has a large isometry group this construction provides many examples of isoparametric functions. Note that in both examples the induced isoparametric hypersurfaces are homogeneous, i.e., there exists a subgroup of the isometry group of ambient manifold that acts transitively on the hypersurface. Let (M, g) be a closed manifold and let G be a compact subgroup of the isometry group of (M, g) that acts on M with co-homogeneity one. Let π : M −→ M/G be the projection map. If u is a smooth function on M/G, then u • π is an isoparametric function of (M, g), see (Proposition 2.4, [19] ). Recall that not all the isoparametric functions induce homogeneous isoparametric hypersurfaces (see for instance [42] , [43] and [18] ). Although for some manifolds this method provides the only possible examples.
There is another method to construct isoparametric functions when the ambient manifold is the space manifold of a Riemannian submersion. Let assume that π : (M, g) −→ (N, h) is a Riemannian submersion such that all the fibers are totally geodesics. So, if f is an isoparametric function of (N, h), then f • π is an isoparametric function of (M, g), see (Proposition 2.5, [19] ).
Second Yamabe constant.
It will play a key role in the proof of Theorem 1.2 and Theorem 1.4 the conformal invariant so called the second Yamabe constant, actually a modification of it (see Section 4.2). The second Yamabe constant Y 2 (M, g) was introduced by Ammann and Humbert in [2] in order to study the existence of nodal solutions of the Yamabe equation.
The conformal Laplacian L g of a closed Riemannian manifold (M, g) of dimension n ≥ 3 is the linear elliptic operator that appears in the left hand side of the Yamabe equation (1), that is
It is well known that its spectrum is a non-bounded and non-decreasing sequence of eigenvalues. We write the spectrum of L g as the sequence {λ i (g)} where each eigenvalue appears repeated according to its multiplicity.
The second Yamabe constant of (M, g) is defined as follows.
This invariant is never achieved by a Riemannian metric if the manifold is connected. However, it could be attained if instead [g] we consider the conformal class of generalized metrics, i.e., symmetric tensors of the form φg, where φ ∈ L pn (M ) is non-negative and does not equal to the zero function. Ammann and Humbert proved in [2] that if the Y 2 (M, g) is non-negative and it is attained by a generalized metric, then there exists a nodal solution of the Yamabe equation (see Theorem 1.6, [2] ).
f -conformal class and isoparametric systems
Let (M, g) be a closed Riemannian manifold and f a smooth function on M . We say that a Riemannian metric h belongs to the f −conformal
When f is an isoparametric function the f −conformal class of g is the subset of conformally equivalent metrics to g such that f is an isoparametric function as well. More precisely, we have the following observation. 
where to obtain the last equality we used that f is an isoparametric function of (M, g). Now we compute the Laplace-Beltrami operator of f with respect to the metric h.
Therefore by (2) and (3) we have that
and the desire implication follows. Now assume that f is an isoparametric function on (M, h) as well. By (5) 
Then necessarily b(t 0 ) must be zero, which implies that t 0 is a critical value of f . Since the only critical values are the global minimum and maximum, we have either t 0 = t min or t 0 = t max . Therefore, φ is constant along the regular level sets of f . Assume that P 1 and P 2 belong to M + , that is t 0 = t max . Let {t k } be an increasing sequence such that lim k→∞ t k = t max . Each regular level set of f is a tube over M + . So, let us consider two sequences namely
for all k, then φ(P 1 ) = φ(P 2 ) = t max which is a contradiction. In the same way we obtain a contradiction if we assume that P 1 , P 2 belong to M − . Hence, φ ∈ S f and the proposition follows.
The conformal Laplacian is an elliptic second order conformally invariant operator. It satisfies the following invariance property. Let h = u pn−2 g, then for any smooth function v we have that (7) L h (v) = u 1−pn L g (uv).
It is well known that the scalar curvature of a Riemannian metric of the form h = u pn−2 g satisfies the equation
If f is an isopametric function, S f is an invariant subspace of the Laplace-Beltrami operator of (M, g). Indeed, by straightforward computation we have have that
If in addition we assume that s g ∈ S f , we have that L g (S f ) ⊆ S f . Therefore, from Equation (8) 
Proof. Let assume that there exists h 0 ∈ [g] f such that s h 0 is constant along the level sets of f . Then f is an isoparametric function of (M, h 0 ) and by the comments above it follows that S f is an invariant subspace of
How usual are isoparametric systems? Proposition 3.2 tells us that if there exists one isoparametric system on M then there exist infinite ones. The simplest example of an isoparametric system arise when (M, g) is a Riemannian manifold of constant scalar curvature admiting an isoparametric function f . In this situation, if ψ is a smooth strictly monotone function on the range of f , then for any In the next sections we are going to be see a results about the existence of constant scalar curvature metric in the f −conformal class. Let us now discuss this in the setting of the example above. Let f be the induced isopametric function on (M, g) by a co-homogeneity one action of a compact subgroup of isometries G. Let us consider the set of G−invariant conformally equivalent metrics to g, namely [g] G . Let us consider the Yamabe functional Y restricted to the [g] G . That is,
that when G is the trivial group Y G (M, g) is just the Yamabe constant of (M, g). The problem whether this infimum is attained or not is known as the G−equivariant Yamabe problem. If Y G (M, g) is attained then there exists a minimizing G−invariant metric of constant scalar curvature conformal to g (see for instance [22] ). This minimizing metric is of the form h 0 = φg with φ a G−invariant function, hence it belongs to [g] f . The G−equivariant Yamabe constant is attained if the following strict inequality holds
2 n is the Yamabe constant of the round sphere (S n , g n 0 ) and Λ G is the infimum of the cardinal of the orbits induced by the action of G on M . Assuming the the Positive Mass theorem 1 by the works of Hebey and Vaugon [22] and Madani [35] the Inequality (9) holds, unless the action has a fixed point or the manifold is conformal to the round sphere. Therefore, the G−equivariant constant is attained. Note that the Inequality (9) holds trivially if either the orbits are not finite or the equivariant Yamabe constant is non-positive (which is equivalent to the existence of a metric with non-positive scalar curvature in [g]).
Another example of an isoparametric system is provided by the following construction.
Example 3.4. Let (N n , h) be a closed Riemannian manifold of dimension n ≥ 2. Let ϕ be an smooth positive function on the 1−dimensional sphere and consider the warped product (N × S 1 , ϕh + dt 2 ). Let π S 1 : N × S 1 −→ S 1 be the projection with respect to S 1 . Since the fibers of π S 1 are totally umbilical, it is well known that there exists a family of isopametric functions on (N × S 1 , ϕh + dt 2 ) such that the induced isoparametric hypersurfaces are N × {t}. Let f be one isoparametric function of this family. Computing the scalar curvature of the warped product, see (Theorem 2.1, [15] ), we obtain that
. Therefore, if h is a metric of constant scalar curvature then s ϕh+dt 2 ∈ S f . Schoen and Yau in [47] and by Lohkamp in a series of papers (see [33] and [34] ).
be a Riemannian manifold with non-constant scalar curvature. If f is an isoparametric function on (M, g) then so is it as a function on the Riemannian product (M × N, g + h). However, the level sets of f are {M t × N }, thus s g+h / ∈ S f .
Constant scalar curvature metrics on f −conformal classes
In this section we are going to prove the existence of constant scalar curvature metrics in some f −conformal classes of a Riemannian product. When the Riemannian manifold does not admit a conformal metric of positive scalar curvature, then there exists essentially only one metric of constant scalar curvature (up to scalar dilations) in the conformal class. Hence, throughout this section and in the rest of the paper we will address the positive scalar curvature setting. Proof. Let {v i } be a non-negative minimizing sequence of Y s restricted to A. We can assume that each v i is a smooth function and v i s = 1. It is easy to see that v i is a bounded sequence in H 2 1 (M ). Hence, there exists v ∈ H 2 1 (M ) such that (up to a subsequence) v i converges weakly to v in H 2 1 (M ). By the Rellich-Kondrakov theorem (s < p n ) we have that the inclusion map i : H 2 1 (M ) −→ L s (M ) is a compact operator. So, again up to a subsequence, {v i } converges strongly in L s (M ) to v, which implies that {v i } converges to v a.e. and v s = 1. Since S f is a close subspace of H 2 1 (M ), v is a non-negative minimizer of J s . Therefore, we have that
Then the lemma follows using standard regularity arguments and the strong maximum principle. Proof. Applying Lemma 4.1 for s = 2 we obtain a smooth positive function w 1 ∈ S f that satisfies the equation
. Therefore, w 1 is an eigenfunction associated to the eigenvalue λ f 1 (M, g). Note that λ f 1 (M, g) is the smallest eigenvalue of L g that has an associated eigenfunction in S f . Let A 2 be the closed subspace of H 2 1 (M ) defined by
We define λ f 2 (g) := inf w∈A 2 −{0} J 2 (w). Using the same argument as the one used in the proof of Lemma 4.1 we obtain w 2 ∈ S f that achieves λ f 2 (g) and satisfies L g (w 2 ) = λ f 2 (g)w 2 . Using the strong maximum principle it can be show that λ f 1 (g) < λ f 2 (g). Then we define A 3 := A 2 ∩ {u : M uw 2 dv g = 0} and we repeat the procedure to obtain λ f 3 (g) and w 3 , and so on.
We will note the sequence obtained in the proof of Proposition 4.3 by
, where each eigenvalue appeared repeated according to its multiplicity. Actually this sequence is the spectrum of L h restricted to the subspace S f . Note that since we are considering metrics that are conformally equivalent to a positive scalar curvature metric, the first eigenvalue of the conformal Laplacian is positive, hence λ f 1 (g) > 0. An immediate consequence of Proposition 4.3 is the following corollary.
Corollary 4.4. Let (M, g, f ) be an isoparametric system. Then there exist infinitely many eigenfunctions of L g whose nodal sets (i.e., the zero sets) are a union of level sets of f . 2 ) −1 (0)} is two. By the comments made in the Introduction, we know that all the isoparametric hypersurfaces induced by f are connected and separates M into two disc bundles over the focal submanifolds. Therefore, the nodal set of u h 2 consist in one of the isoparametric hypersurfaces induced by f and it eventually included one of the components of the focal submanifold {M − ∪ M + }. However, using the strong maximum principle we obtain that neither M + nor M − could belong to the zero of u h 2 (see the proof of Corollary 1.3). Therefore, in this situation we conclude that there exist infinitely many Riemannian metrics on M such that they have an eigenfunction of the conformal Laplacian which its nodal set is an isoparametric hypersurface induced by f .
4.2.
Isoparametric k th f −Yamabe constant. Now, we are in condition to introduced the isopametric k th f − Y amabe constant of an isoparametric system (M, g, f ). It is an invariant of the f −conformal class that we are going to use it in Section 5 to prove Theorem 1.2. The isoparametric k th − Yamabe constant of (M, g, f ) is given by
Let u ∈ L pn ≥0 (M ) − {0} ∩ S f and consider the generalized metric g u = u pn−2 g. We define the k−Grassmanian space of H 2
For
Then, using the variational characterization of the eigenvalues (see for instance Proposition 2.1 in [2] ) it is not difficult to see that
is the so called k th −generalized eigenvalue of L gu restricted to S f . Proof. Without loss of generality we can assume that vol(N, h) = 1. Let consider the Yamabe functional of (M × N, g + h) restricted to
where the norm L p m+n is with respect to the metric g. Note that p m+n < p m , so we are in subcritical setting as in Lemma 4.1. Hence, we can choose any smooth non-negative minimizing sequence {u i } with norm u i p m+n = 1 and we proceed as in the proof of Lemma 4.1. We obtain a smooth positive function u that belongs to S f , depends only on M and satisfies that
Therefore, by Equation (8) we have that the Riemannian metric u p m+n −2 (g + h) belongs to [g] f and has constant scalar curvature.
When a conformal class admits a metric of positive scalar curvature, then it might has within several non-isometric metrics of constant scalar curvature. Therefore, in the positive scalar curvature setting a f −conformal class could has many metrics of constant scalar curvature as the following examples show.
Example 4.7. Let (M, g) and (N, h) be both closed Riemannian manifolds of constant scalar curvature and f an isoparametric function of (M, g). Applying (Theorem 1.4, [25] ) we obtain that if s g+h > λ f 2 (g) p m+n −1 , then there exists a non constant function u ∈ S f such that the Riemannian metric g u = u p m+n −2 (g + h) ∈ [g + h] f has constant scalar curvature.
Example 4.8. Let us consider the Riemannian product of spheres (S n × S m , g n 0 + tg m 0 ) and let f be an isoparametric function on (S n , g n 0 ). Let k be any positive integer. Then, there exists t 0 such that there are at least k non-isometrically unit volume metrics of constant scalar curvature on
We refer the reader to (Corollary 1.3, [25] ) for a precise statement on the lower bound of the number of non-isometrically unit volume metrics with constant scalar curvature in the f −conformal class. For instance, for even-dimensional spheres we have the following. If n = 2s with s ≥ 1, let l(t) = m(m − 1)t −1 + 2s(2s − 1) /(2s + m − 1). Assume that l(t) belongs to the interval given by A i , A i+1 where A i = i(2s + i − 1). Then, we have that the number of essentially different constant scalar curvature metrics in [g 2s
Proof of Theorem 1.2.
We are going to proved that the isoparametric second f −Yamabe For
and at the same time they satisfy in a weak sense the following equations
For the details we refer to the reader to (Proposition 3.2 in [2] ) and to Section 4 in [26] . The subspace V 0 := span(v 1 , v 2 ) realizes the generalized second eigenvalue λ f 2 (g u ). More precisely, we have that
Using similar arguments as the ones used in the proof of (Theorem 3.4, [2] ) and (Theorem 1.5, [26] ) it can be seen that if g u realizes the second isoparametric f −constant of (M × N, g + h) then u = |v 2 | and v 2 is a nodal solution of the Yamabe equation. Also, by the connectedness of M , it can be seen that the number of connected components of M × N − {v −1 2 (0)} is two. In our setting there always exists a minimizer of Y 2 f (M × N, [g + h] f ) thanks to p m+n is less than the critical Sobolev exponent p m . Indeed, let {u i } be a minimizing sequence of positive smooth functions that belong to S f and satisfy u i p m+n = 1.
For u i , let v i 1 and v i 2 be the functions that satisfy (12) , (13) and (14) . Then, (15) lim sup
The sequences {u i }, {v i 1 } and {v i 2 } are bounded in L p m+n (M ) and H 2 1 (M ), respectively. Therefore, up to a subsequence, there exist u, v 1 and v 2 such that u i converges weakly to u in L p m+n (M ), and v j i converges weakly to v j in H 2 1 (M ) (for j = 1, 2). As a consequence of the weak convergence we have that (16) u p m+n ≤ lim inf i→+∞ u i p m+n = 1.
By the Rellich-Kondrakov theorem we have that {v i j } converges strongly to v j in L p m+n (M ) (again up to a subsequence) and v j ∈ S f (for j = 1, 2). This implies that the following equations hold in a weak sense
Then by inequalities (15) and (16) we obtain that
Hence, g u realizes the isoparametric second f −Yamabe constant and the theorem follows. Then M + ⊂ Z. However, using the strong maximum principle (recall that the scalar curvature is positive) w can not be zero in M + unless w is the zero function, which is not possible. Therefore {w > 0} = Ω + . In the same way we see that M − does not belong to the zero set of w. Therefore, {w < 0} = Ω − . Finally, considering w as a function of M × N we obtain that its nodal set is S × N.
Critical equation
In this section we will prove Theorem 1.4. This theorem will be consequence of the compact embedding of H 2 1 (M ) ∩ S f into L pn (M ) when the dimensions of the level sets of f has positive dimensions. In order to prove the compactness of this embedding we will prove Lemma 6.1 below, which says that when each dimension of all connected components of any level set of an isoparametric function f are positive then the Rellich-Kondrakov theorem can be improved by considering the functions that are constant along the level sets of f . When the isoparametric function is induced by a co-homegeneity one action of a compact subgroup of the isometry group, Lemma 6.1 is the Sobolev embedding theorem under the presence of symmetries proved in (Corollary 1, [24] ).
Given an isoparametric function on (M, g) we denote by H q 1,f (M ) the closed subspace H q 1 (M ) ∩ S f . Lemma 6.1. Let (M, g) be a closed Riemannian manifold of dimension n and let f be an isoparametric function on (M, g) such that k(f ) ≥ 1.
We have that
Proof. The proof of the Lemma is divided in three steps.
Step 1: In this step using the structure of the isoparametric foliations we are going to construct coordinate systems that will allow us to decrease the dimension in order to use a subcritical Sobolev embedding instead the critical one. The existence of these coordinates systems are consequence of the structural theorem of isoparametric hypersurfaces mentioned in the Introduction (Theorem A, [51] ). Recall that it states that any regular level set M t (t min < t < t max ) is a tube over either of the focal submanifolds. On the other hand, for any x that belongs to a regular level set M t , the integral curve c x (t) of the vector field F = ∇f / b(f ) trough x is a unit speed geodesic that intersects orthogonally all the level set of f . The length of the segments induced by the integral curves of F realises the distance between to regular level set. We have that d g (M f (cx(t 1 )) , M f (cx(t 0 )) ) = t 1 − t 0 . So, let x ∈ M . Let k(x) be the dimension of the connected component of M f (x) where x belongs. We denote with π 2 the projection of R k × R n−k onto R n−k . Using Fermi coordinates centered at x on M f (x) , it is not difficult to see that there exists a coordinate system (W, ϕ) (shrinking suitably the neighborhood W ) such that:
are open subsets with smooth boundaries. 2) For any y ∈ W , U × π 2 (ϕ(y)) ⊆ ϕ(M f (y) ∩ W ).
3) There exists a positive constant a x such that (a x ) −1 dv g n e ≤ dv g ≤ a x dv g n e , where dv g n e is the volume element with respect to the Euclidean metric.
Step 2 In this step we will prove that the inclusion H q 1,f (M ) ⊂ L p (M ) is a continuous map for any p ≥ 1 if either q ≥ n − k(f ) or q < n − k(f ) and p ≤ q(n − k(f ))/(n − k(f ) − q).
Since M is a compact manifold there exists a collection of points {x i } m i=1 such that the charts (W i , ϕ i ) i∈ [1,m] (where each x i ∈ (W i , ϕ i ) is one of the coordinates system introduced in the first step) cover M . Let k i = k(x i ).
Let u ∈ C ∞ (M ) ∩ S f and p ≥ 1. Let us consider u i : V i −→ R the smooth function defined by u i (y) := u(ϕ −1 (x, y)) for any x ∈ U i . The function u i is well defined by property 2).
By the properties of the coordinate systems (W i , ϕ i ) there exist A i , B i , C i positive constants such that B i u i L s (V i ) ≤ u L s (W i ) ≤ C i u i L s (V i ) and D i ∇u i L s (V i ) ≤ ∇u L s (W i ) for any s ≥ 1.
By the above inequalities and applying the Sobolev embedding theorem for Euclidean bounded domains to function u i we obtain that
if either n − k i ≤ q or n − k i > q and p ≤ q(n − k i )/(n − k i − q). Now if n−k(f ) ≤ q, then n−k i ≤ q for any 1 ≤ i ≤ m. If n−k(f ) > q and p ≤ q(n − k(f ))/(n − k(f ) − q) , then for each i we have that either n − k i ≤ q or n − k i > q and p ≤ (n − k i )q/(n − k i − q). Indeed, since n−k ≥ n−k i we have that (n−k)(n−k i −q) ≤ (n−k i )(n−k −q) which implies that (n − k)q/(n − k − q) ≤ (n − k i )q/(n − k i − q). Therefore by Inequality (17) we have that
Step 3 Let {u j } be a bounded sequence in H q 1,f (M ). Let {φ i } i=[1,m] be a partition of the unity subordinate to the covering {(W i , ϕ i )} i∈ [1,m] such that φ i (ϕ −1 i (x, y)) = φ i (ϕ −1 i (x ′ , y)) for any 1 ≤ i ≤ m, any x, x ′ ∈ U i and any y ∈ V i . We define the sequence u j,i := (φ i •ϕ −1 )(u j ) i . Notice that functions u j,i has compact support in V i . For any 1 ≤ i ≤ m, {u j,i } is a bounded sequence in H q 1 (V i ). If either q ≥ n − k(f ) or q < n − k(f ) and 1 ≤ p < q(n−k(f )) n−k(f )−q then we have that (18) 1 p > 1 q − 1 n − k i for any i ∈ [1, m] . On the other hand, we know that for any bounded open set V ⊂ R l , H s 1,0 (V ) is compactly embedded in L r (V ) if 1/r > 1/s − 1/l (see for instance Lemma 2.5, [21] ). Therefore, by Inequality (18) there is a subsequence of u j (that in order to simplify the notation we denote with u j as well) such that u j,i is a Cauchy sequence in L p (V i ) for any 1 ≤ i ≤ m. This joint with property 3) that satisfied the coordinate systems (W i , ϕ i ) implies that the sequence φ i u j is a Cauchy sequence in L p (M ). Since {φ i } i= [1,m] is a partition of the unity we obtain that {u j } converge strongly in L p (M ). We have the following corollary. 
